In 2013, Welyyanti et al. proved that χL(T (n, k)) ≤ n + k − 1 for all positive integers n, k ≥ 2. In this paper we prove that for any fixed integer k ≥ 2, almost all n-ary Tree T (n, k) satisfy χL(T (n, k)) = n + k − 1, moreover lim n→∞ χL(T (n, k)) − n = k − 1.
Introduction
Let G = (V, E) be a simple, undirected, and connected graph. For an integer k ≥ 1, a map c : V (G) → {1, 2, · · · k} is called a k-coloring of G if c(u) = c(v) for any two distinct vertices u, v ∈ V (G). The minimum number k such that G has k-coloring is called the chromatic number of G and it is denoted by χ(G). Let Π = {C 1 , C 2 , · · · , C k } be a partition of V induced by a k-coloring c. The color code c Π (v) of vertex v is the ordered k
If all vertices of G have distinct color codes, then c is called a locating k−coloring of G.
The locating-chromatic number of G, denoted by χ L (G) , is the smallest positive integer k such that G has a locating k−coloring.
Let T be a tree. A vertex u of T with degree at least 3 is called a branch. Moreover, if there are at least two end-paths starting from u then the vertex u is called a local-end branch. A Palm of T is local-end branch together with its end-paths.
For integers n ≥ 2 and k ≥ 1, we define an n-ary Tree T (n, k) recursively with T (n, 1) = S n , and for k ≥ 2, T (n, k) is obtained by connecting a new vertex to the center of n disjoint T (n, k − 1), see Figure 1 . The locating-chromatic number of graphs was introduced by Chartrand et al. [3] . They have determined the locating-chromatic number of some classes of graphs, i.e., paths, cycles, and double 
and
Let us begin to state the following lemma and corollary which are useful to obtain our main results. 
Main Result
In this paper, we prove that for every integer k ≥ 4, the upper bound given in Theorem 1.1 is achieved by almost all graphs T (n, k).
Theorem 2.1. For any fixed integer k ≥ 4, almost all n-ary Tree T (n, k) with n ≥ 2 statisfy χ L (T (n, k)) = n + k − 1; in other words, there are only finitely many integers n such that χ L (T (n, k)) < n + k − 1.
Proof. To prove this theorem, we will prove that for every integers k ≥ 4 there exist an integer M k such that if n is an integer with n ≥ M k , then χ L (T (n, k)) = n + k − 1. Since (n + k − 2) n+k−3 n is a polynomial of order k − 2 in n, then lim n→∞ n k−1 (n + k − 2) n+k−3 n = ∞.
(1)
Since the limit of (1) is infinite then there exists an integer M k such that for n ≥ M k , we have
> (2k) k−3 . By Theorem 1.1, χ L (T (n, k) ) ≤ n + k − 1, for n ≥ 4. To prove that χ L (T (n, k)) = n + k − 1 for n ≥ M k , we only need to show that there is no locating (n + k − 2)-coloring of T (n, k). Suppose otherwise, let c be a locating (n + k − 2)-coloring of T (n, k).
Since c is a locating coloring, all vertices in any palm of T (n, k) will receive distinct colors. We say that two palms have the same coloring type if their local end-branches have the same color and their leaves have the same colors. The number of coloring types for all palms is (n + k − 2) n+k−3 n .
Since there are n k−1 palms and (n + k − 2) n+k−3 n coloring types in T (n, k), there is at least
≥ (2k) k−3 + 1 palms with the same coloring type. Without loss of generality, let these palms with the same coloring type have color one in the local end-branch and colors 2, 3, · · · , n + 1 in its leaves. For i = 1, 2, · · · , n + k − 2, let a i = d(v, C i ). Since the diameter of T (n, k) is 2k, then the color code of v is (0, 1, · · · , 1, a n+2 , · · · , a n+k−2 ) with a i ≤ 2k for i = n + 2, · · · , n + k − 2. This means that there are at most (2k) k−3 possible color codes for v. Since there are at least (2k) k−3 + 1 palms in this coloring type and the number of possible color codes for its local-end branch is at most (2k) k−3 , then there are at least two local-end branches with the same color code, a contradiction. Therefore, for every n ≥ M k , we have χ L (T (n, k)) = n + k − 1.
Another way of seeing Theorem 2.1 is if we set k ≥ 4 to be a fixed integer then when n goes to infinity, the value of χ L (T (n, k)) goes to n + k − 1. For k = 3, 4, and 5, we have χ L (T (2, k)) = 4 [6] . By the coloring method in [6] , we can construct a locating k-coloring for T (2, k). So, for k ≥ 6 we have χ L (T (2, k)) ≤ k.
In this case, if n = 2 and k goes to infinity, χ L (T (n, k)) does not go to n + k − 1. In fact, χ L (T (n, k)) ≤ n + k − 2. does not goes to n + k − 1. We end this paper with the following conjecture.
Conjecture 2.1. Let n ≥ 2 be a fixed integer, then almost all integers k satisfy χ L (T (n, k)) ≤ n+ k − 2.
